
 

 
 

(25)   3.10    Linear Approximations And Differentials 
ݕ∆  ≈ ݂\ሺݔሻ ∙  ݔ∆

 ݂ሺݔ + ሻݔ∆ ≈ ݂ሺݔሻ + ݂\ሺݔሻ ∙  ݔ∆

 
Example 1 
31    July 31st , 

2003 

   Let ݂ሺݔሻ =   ݔ √
            (a) Find ݀ݕ  at  ݔ = 9 with  ∆ݔ = −0.1 
            (b) Use differentials to approximate   ݂ሺ8.9ሻ 

Solution  ݂ሺݔሻ = →                  ݔ √               ݂ሺ9ሻ = 3 ݂\ሺݔሻ = ݔ√12                →              ݂\ሺ9ሻ =  16 = ≈ ݕ݀ 0.167  ݂\ሺݔሻ  ∙ ݕ݀  ݔ∆ ≈  0.167 ሺ−0.1ሻ =  −0.0167 ݂ሺݔ + ሻݔ∆ ≈ ݂ሺݔሻ + ݂\ሺݔሻ ∙ ሺ8.9ሻ݂ ݔ∆  ≈  ݂\൫9 + ሺ−0.1ሻ൯ ≈ ݂ሺ9ሻ + ݂\ሺ9ሻሺ−0.1ሻ ≈ 3 + ሺ−0.0167ሻ  ≈ 2.9833 

 

Solution Let     ݂ሺݔሻ = యݔ√     = ଵଷݔ                →                   ݂ሺ27ሻ = 3          ݂\ሺݔሻ = ଶଷିݔ 13   = ଶయݔ√13       →                  ݂\ሺ27ሻ =  13ሺ9ሻ =  127 = ݔ∆ 0.037 = 26.9 − 27 =  −0.1 =  −110  ݂ሺݔ + ሻݔ∆ ≈ ݂ሺݔሻ + ݂\ሺݔሻ ∙ ሺ26.9ሻ݂  ݔ∆  ≈  ݂൫27 + ሺ−0.1ሻ൯  ≈  ݂ሺ27ሻ + ݂\ሺ27ሻሺ−0.1ሻ ≈ 3 + ൬ 127  ∙  −110൰ ≈ 3 −  1270 

 
  

Example 2 
10  June  6 1994 Use differentials to find an approximate value for:     √26.9య  



Exa
8  A

Let    ݂\ሺݔሻ∆ݔ =݂ሺݔ +
 ݂ሺ1 +݂ሺ1.0ඥሺ1.0
 

Ex
47    

Let    
݂\ሺݔሻ∆ݔ =݂ሺݔ +݂ሺ1 +  ݂ሺ1.ඥ2 −1
 

HOS 

ample 3
August 28

1993 

  ݂ሺݔሻ =  ඥሻ = =ଷݔ√ଶ2ݔ3   1.04 − 1 =+ ሻݔ∆ ≈ ݂ሺ+ 0.04ሻ ≈ ݂04ሻ  ≈ 3 + 04ሻଷ + 3  +
xample
Decembe

2009 

 ݂ሺݔሻ =  √
ሻ = ݔ  ∙ −2√2=  1.001 −+ ሻݔ∆ ≈ ݂ሺ+ 0.001ሻ ≈.001ሻ  ≈ 1− ሺ1.001ሻଶ1.001  
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35   

 ݂ሺݔሻ
 ݂\ሺݔ∆ݔ =݂ሺݔ +݂൫1 +√3 +0.9√3 +0.9
 

Ex
29

݂ሺݔሻ
݂\ሺݔሻ∆ݕ∆= ݔ ൎ
 
      
 

HOS 

xample
Decembe

2004 

= √3 + ሻݔݔݔ = ∙ ݔ   2√= 0.9 − 1 =+ ሻݔ∆ ൎ ݂ሺ+ ሺ−0.1ሻ൯ ൎ0.99    ൎ 2 +0.99  = 2 740
xample

9    July 25
2002 

= ݔ  ݔ √ − 2     
ሻ  =  ሺݔ − 2ሺ= 3.9 − 4 =ൎ  ݂\ሺݔሻ ∙ ∆
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the linear approximation 
 ݂ሺݔሻ = ݂ሺܽሻ + ݂\ሺܽሻሺݔ − ܽሻ 

 
 

Example 7 
45    May 10, 2009 

Find the linear approximation of  ݂ሺݔሻ = ݔ2√ + 7  at  ܽ = 1 . 

Solution ݂ሺݔሻ = ݔ2√ + 7                                                                                                             ݂ሺ1ሻ = ඥ2ሺ1ሻ + 7  =   √9  = 3 ݂\ሺݔሻ = ݔ2√22  + 7   = ݔ2√1   + 7                                                                          ݂\ሺ1ሻ =    1ඥ2ሺ1ሻ + 7  =  13  ݂ሺݔሻ = ݂ሺܽሻ + ݂\ሺܽሻሺݔ − ܽሻ  ݂ሺݔሻ = 3 + 13 ሺݔ − 1ሻ 
 

Example 8 
52   July 23 , 2011 A 

 [ 2 + 1 Points ] Let   ݂ሺݔሻ = 1 + sin  .ݔ
     a) Use differentials to find expressions for  ∆ݕ and  ݀ݕ 
     b) Use the linear approximation formula to estimate ݂ሺ29°ሻ 

Solution 
a) ݂ሺݔሻ = 1 + sin ݔሺ݂ ݔ + ሻݔ∆ = 1 + sinሺݔ + ݕ∆ ሻݔ∆ = ݂ሺݔ + ሻݔ∆ − ݂ሺݔሻ = 1 + sinሺݔ + ሻݔ∆ − ሺ1 + sin ሻݔ = sinሺݔ + ሻݔ∆ − sin ݕ݀ ݔ = ݂′ሺݔሻ ݀ݔ = cos ݔ  ݔ݀
b) ݂ሺݔሻ = 1 + sin ݔ                                          ݂ ቀ6ߨቁ = 1 + sin 6ߨ = 1 + 12 = 32  ݂ᇱሺݔሻ = cos ݔ                                               ݂ᇱ ቀ6ߨቁ = cos 6ߨ = √ 3 2  ݂ሺݔሻ = ݂ሺܽሻ + ݂\ሺܽሻሺݔ − ܽሻ ݂ ൬29180ߨ൰ = ݂ ቀ6ߨቁ + ݂\ ቀ6ߨቁ ൬29180ߨ − 6൰ߨ = 32 + √ 3 2 ቀ 180ቁߨ− = 32 − 360ߨ 3 √  
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Homework 
 

Use differentials to find an approximate value for 

1 √3.91 2  June 12  1990

2 ሺ−26.88ሻଶଷ 1  December 3,  1992

3 1 + ሺ7.9ሻଶଷ 2   May 20,  1993

4 ሺ1.001ሻଶ + ሺ1.001ሻସଷ  + 4 

5 ඥሺ3.02ሻଷ − 2 6  January 6,  1993

6 ට7 + √7.9య  11  August 11,  1994 A

7 ሺ9.03ሻହ + √9.03 1  November  1987

8 √28య      46   August  1 , 2009

9 √1.03య
 44   December 21, 2008

10 √15.9ర
 36   Dec 15, 2005

11 √8.12య
 42   May 5, 2008

12 
1ሺ0.98ሻଵ 40   May 3, 2007

13 7 + ሺ1.02ሻସ 41   July 19, 2007

14 1 − 1√8.01య  39   December 14, 2006

15 1 + ሺ8.01ሻଶଷ 37   May 4, 2006
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Homework  
 
 

16 √1.1 + √1.1య  34   July 22, 2004

17 ඥሺ1.01ሻଶ + 3 28   Dec 20, 2001

18 ሺ8.01ሻସଷ + ሺ8.01ሻଶ 

19 ඥሺ2.02ሻଷ + 1 26   May 10, 2001

20 43   July 19, 2008
Use differentials to find an approximate value for:           secሺ46ሻ° 

21 38    July 17, 2006 
Use differentials to find an approximate value for:           sinሺ29ሻ°

22 
33   May 6, 2004 

Let ݂ሺݔሻ = 3ሺ4 +  ሻଶଷ Use differentials to  approximate value ݂ሺ3.9ሻݔ

23 
30    May 15th, 2003 
Let  ݂ሺݔሻ = ݔ √ − 3   Use differentials to approximate   ݂ሺ11.7ሻ 

24 
31    July 31st , 2003 
Let ݂ሺݔሻ =  .ݔ√ 
    a) Find ݀ݕ at ݔ = 9 with ∆ݔ = −0.1. 
    b) Use differentials to approximate ݂ሺ8.9ሻ. 

25 

20   January 3 ,2001 

Let ݂ሺݔሻ = ଷݔ + ߨ1 secଶ ቀ8ߨ  ቁ . Use differentials to find the approximateݔ

change in ݂ if  ݔ changes from 2 to 2.01 (3 points)

26 

18   May   24 ,2000 

Use differentials to approximate the change in ݕ = ଶݔ√ݔ + 2య  , when ݔ changes from 5 to 4.9. 

27 
27   August  2, 2001  

Use linear approximation to estimate  ݂ሺ7.1ሻ where ݂ሺݔሻ = 3ሺ1 + ሻଵଷ (3 pts.)ݔ
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Solution 
 ݂ሺ45°ሻ = Let      ݂ሺݔሻ = secଶ ݔ                                                                                     ݂ ቀ4ߨቁ = secଶ ቀ4ߨቁ = 2  ݂\ሺݔሻ =  2 sec ݔ   sec ݔ  tan ݔ = 2 secଶ ݔ  tan ݔ                        ݂\ ቀ4ߨቁ =    2 secଶ ቀ4ߨቁ tan ൬4°ߨ൰ = 2. ൫√2൯ଶ. 1 = ݔ∆ 4 =  ሺ44.9 − 45ሻ180ߨ  = 180ߨ0.1−   = ݔሺ݂   1800ߨ−  + ሻݔ∆ ≈ ݂ሺݔሻ + ݂\ሺݔሻ ∙   ݔ∆

 
 ݂ ቆ4ߨ + ቀ 1800ቁቇߨ− ≈ ݂ ቀ4ߨቁ + ݂\ ቀ4ߨቁ ∙ ݔ∆ = 2 + 4 ቀ 1800ቁߨ− = 2 − secଶ         450ߨ ቆ4ߨ + ቀ 1800ቁቇߨ− = 900450 −   450ߨ
 secଶሺ44.9°ሻ ≈ 900 − 450ߨ  
 

33 
24    July   20th , 2000 

Let ݕ = tan  ݔ
     (a) Use differentials to find ݀ݕ  if  ݔ changes from   45° to 44° 
     (b) Use linear approximation to estimate    tan 44° 
 

Solution ݂ሺݔሻ = tan ݔ                                                                                            ݂ ቀ4ߨቁ = tan ቀ4ߨቁ = 1 ݂\ሺݔሻ =  secଶ ݔ                                                                                      ݂\ ቀ4ߨቁ =    secଶ ቀ4ߨቁ  = ൫√ 2 ൯ଶ =  2    
ݔ∆   =  ሺ44 − 45ሻ180ߨ  = ≈ ݕ݀ 180ߨ−    ݂\ሺݔሻ ∙ ≈         ݔ∆ 2 ∙ 180ߨ−   =   90 ߨ− 
 ݂ሺݔሻ = ݂ሺܽሻ + ݂\ሺܽሻሺݔ − ܽሻ ݂ ൬44180ߨ൰ = ݂ ቀ4ߨቁ + ݂\ ቀ4ߨቁ ൬44180ߨ − 4൰ tanߨ 44° = 1 + 2 ൬44180ߨ − 180൰ߨ45 = 1 −  90 ߨ
 

 
 

32 
32   December 18, 

2003 

Use differentials to find an approximate value for:           secଶሺ44.9°ሻ 


